In the present work, we develop a causal theory of relativistic non-ideal fluids up to the second order in the Eckart frame using gradient expansion scheme. Keeping the spirit of Mueller-Israel-Stewart formalism, the general forms of bulk viscosity, shear viscosity tensor and the heat flow vector are presented. Since each of the flux quantities explicitly carry curvature terms, we show that our formalism finds application in astrophysics in particular in the strong gravity regime. We elucidate two such applications namely in viscous thick accretion disks also known as Polish doughnuts and in addressing non-rotating equilibrium configuration, like neutron stars. * Electronic address: sayantani.lahiri@zarm.uni-bremen.de 2
I. INTRODUCTION
Past many years, the framework of relativistic hydrodynamics has found applications in various disciplines like relativistic heavy ion collisions [1] [2] [3] , cosmology [4] [5] [6] and astrophysics [7] . The theory of hydrodynamics was first formulated by Euler for ideal fluids [8] , much later it was extended for non-ideal fluids by Navier and Stokes involving dissipative quantities like viscosity, heat flow, etc. [9, 10] . Initial attempts to study the relativistic theory of fluids were made by Eckart [11] and by Landau-Lifshitz [12] who developed the relativistic description of Euler equation for ideal fluids and Navier-Stokes for non-ideal fluids. However, it was found that under linear perturbations, the relativistic version of Navier-Stokes equation allows acausal signal propagation and suffer from instabilities [13] . In particular, it was noted that the acausal behaviour of the Navier-Stokes equation was related to its parabolic nature which may be attributed to presence of first order gradients as in the Navier-Stokes theory where each dissipative quantities is constructed of first order gradients of fluid hydrodynamical variables namely the fluid four-velocity, temperature and chemical potential. The dissipative quantities response instantaneously to the first order changes in the Eckart and Landau-Lifshitz approaches. Taking into consideration of theory of general relativity, later, Muller [14] and Israel-Stewart (MIS) [15] , came up with a causal theory of relativistic dissipative hydrodynamics that was established to be stable under linear perturbations [16] . In contrary to Eckart formalism, the MIS theory is constructed using second order gradients of fluid hydrodynamical variables and its causality preserving property is closely related to the hyperbolic nature of the conservation laws in presence of second order gradient terms. The theory of relativistic hydrodynamics is regarded as an effective theory in which the microscopic scale which constrains the validity of hydrodynamics is the mean free path l m such that l m << L, where L is the macroscopic length scale of the system under consideration. In the effective theory description, the effects of non-ideal hydrodynamics appear as small deviations from local thermodynamic equilibrium which can be realized by appearances of order of gradients in the energy momentum tensor of the system. Thus in absence of fluctuations, the ideal fluid description described by the local equilibrium state corresponds to the zeroth order hydrodynamics, Navier-Stokes theory is the first order theory and the MIS formalism is the second order theory in gradients that gives rise to causal and stable theory of viscous hydrodynamics. Then the gradient expansion scheme corresponds to systematic expansion in terms of gradients of fluid hydrodynamical variables in which the correction due to dissipative terms to the ideal fluid description are realized in terms of gradients. However the associated transport coefficients are the input parameters of the theory which are determined using an underlying microscopic theory e.g. kinetic theory.
A in-depth study of relativistic viscous fluids has been investigated using systematic expansion of the gradients of the hydrodynamical variables up to second order by Baier et.al. [17] and Romatschke [18] in the context of conformal and non-conformal theories respectively under the assumption of zero conserved charges in the Landau-frame with a primary motivation to address a number of phenomenon of relativistic heavy-ion physics. With a motivation to apply the causal theory of relativistic viscous hydrodynamics in field of astrophysics, where the heat flux is not negligible in presence of conserved charges, in the present work, we develop the causal theory of relativistic non-ideal fluids in the Eckart frame using gradient expansion scheme up to second order.
Keeping the spirit of MIS theory, in section 2, we present the general forms of bulk viscosity, shear viscosity tensor and heat flow vector up to second order in gradients. In section 3, we put forward two possible applications of the formalism. First, in understanding shape of an accretion disk in a given black hole spacetime under the influence of shear viscosity and curvature tensor and second, comprehending effects of bulk viscosity on a spherically symmetric non-rotating star under static equilibrium configuration. We conclude our work with further discussions.
II. SECOND ORDER HYDRODYNAMICS IN THE ECKART FRAME
The relativistic hydrodynamics of perfect fluids is a well-established theory [12] and is discussed widely in the existing literature. In the present paper we choose therefore to include the relevant aspects that are necessary for us to construct the relativistic hydrodynamical theory of non-ideal fluids. For simplicity, let us assume there exists a single species of conserved charge in the system characterised by its number density n. The constitutive relations of the ideal fluid in terms of the fluid four-velocity u µ (x) are given by,
where e, p are respectively the equilibrium total energy density and the equilibrium pressure of the 
De + (e + p)∇.u = 0,
Since the ideal fluid moves with a constant velocity, the constitutive relations do not contain any derivatives/gradients of hydrodynamical variables, so the ideal fluid hydrodynamics is also known as zeroth order hydrodynamics. In presence of dissipation, the idea of global thermodynamic equilibrium breaks down and the ideal fluid description is no longer valid. As a result, the hydrodynamic In the present paper, we will adopt the Eckart frame where we have u µ N µ = n, where n is the conserved charge in the system. In presence of conserved charges one can refer to [19] for more discussions on relativistic viscous hydrodynamics. The constituent relation for non-ideal fluids involving the most general form of energy momentum tensor and the particle current is given by,
where, T
Here q µ denotes the heat flow vector. Π is the trace part and π µν is the symmetric transverse traceless part of the symmetric viscosity tensor. It is to be noted that in the Eckart frame characterized by no charge flow, the continuity equation remains unchanged as that of an ideal fluid and in presence of a single conserved charge the four-velocity is expressed as,
The other two conservation laws are respectively the energy conservation and the Navier-Stokes equation given by,
where the bulk viscosity, heat flow vector, shear viscosity and the vorticity tensor are respectively,
Here ζ ≥ 0, κ ≥ 0 and η ≥ 0 are the bulk viscosity coefficient, thermal conductivity and the shear viscosity coefficients. When each of the thermodynamic fluxes is expressed in terms of first order gradients of hydrodynamical variables so that the energy momentum tensor contains terms only up to first order in gradients, such a theory is called the first order hydrodynamics. But the relativistic Navier-Stokes equation and the heat conduction equation violate causality due to their parabolic nature allowing superluminal velocity of propagating signals [18] , [5] and the associated equilibrium states are plagued with instabilities [13] . MIS theory which took into account of by general relativity, extended the method of Grad's 14-moment approximation and successfully rectified the causality violating nature of the conservation laws of relativistic non-ideal fluids by considering second order gradients of hydrodynamic variables. As a result the general forms of Π, q β and π µν contain additional coefficients arising due to inclusion of second order gradients. These additional coefficients are known as second order transport coefficients which serve as input parameters of the theory and are essentially evaluated using an underlying microscopic theory describing the system.
Over the years, both first and second order transport coefficients have been widely computed in the context of both conformal, non-conformal theories and kinetic theory [20] [21] [22] [23] [24] [25] . Although the MIS formulation resulted into hyperbolic conservation laws devoid of causality and instabilities, it is not complete in the sense that this formalism missed out possible spacetime curvature terms at the second order, all of which are likely to exist if all possible combinations of second order gradients are considered. In this direction, Baier, Romatschke et.al. [17, 20] reformulated IS theory by incorporating curvature terms in the Landau frame for both conformal and non-conformal theories with the primary motivation to implement their approach in relativistic heavy-ion collisions. However for astrophysical applications Eckart frame of reference is more favoured, for example, a realistic accretion disk should have some radiation process which may be attributed to shear viscosity as well as heat flow. Therefore in presence of a single species of conserved charge, the effects heat flow is a non-negligible quantity and can only be addressed if the Eckart frame is considered. Hence by adopting a similar approach taken in [17, 20] , we develop the general forms of bulk viscosity, shear viscosity and heat flow vector up to second order in gradients in order to obtain general relativistic causal hydrodynamical equations in the Eckart frame.
Procedure: The conservation laws of ideal fluid eq. (3) and eq. (4) can be re-expressed using thermodynamical identities e + p = T s + µn, de = T ds + µdn and Gibbs-Duhem relation dp = sdT + ndµ as follows,
where s, T , µ are respectively the entropy density, temperature, the chemical potential of the conserved charge of the fluid and α = µ T . In the non-relativistic limit, D ≃ ∂ t and D µ ⊥ ≃ ∂ i (up to higher order gradients), so eq. (9) and eq. (10) indicates time derivatives can be recast into space derivatives which further implies not all first order gradients are independent. In our approach, we take second order gradients of hydrodynamical variables i,e. four velocity u µ , temperature T and chemical potential µ to construct scalars (for bulk viscosity), vectors orthogonal to u µ (for heat flow vector) and symmetric traceless tensors orthogonal to u µ (for shear tensor) in the Eckart frame to construct a general form of energy momentum tensor. As mentioned earlier, in absence of charge diffusion, the particle current is not modified in the Eckart frame. All dissipative quantities at the second order of gradients are then constructed out of linearly independent structures consisting of comoving spatial first order gradients that appear in equations of motion eq.(9) and eq.(10) of the
In a system with a single conserved charge, the first order linearly independent components giving rise to second order corrections to energy momentum tensor are : a scalar
Here we note two facts. First, a rank-two tensor D ⊥ α u β can be expressed in terms of trace part plus symmetric and antisymmetric trace-less parts orthogonal to u µ . Second, the curvature term arises as a consequence of non-commutative property of covariant derivatives acting on the four-velocity vector u µ . These points can be illustrated as follows,
where the Riemann tensor is :
By taking the possible second order terms are given by,
which are used to construct possible scalars, vectors and tensors at the second order. Here the traceless symmetric part of a tensor is
convenience, we denote each scalar by M i , each vector by N i and each tensor by O µν i , where i labels a particular term. In the following, we tabulate the possible terms, 
Then general forms of Π, q µ and π µν at the second order can be presumed to be as follows,
where α i , β i and λ i are coefficients at the second order. It can be seen that eq. (14) we follow a similar approach adopted in [20] and [26] . To a general form of shear tensor at the second, let us change the basis and express MIS terms in terms of,
where c i 's are coefficients of the new basis. We now eliminate O µν 1 from (17) to get,
and substituting (18) in (16) gives,
To actually reproduce the relaxation-type equation and make a comparison with the causal relativistic Navier-Stokes equation proposed by Muller-Israel-Stewart, we finally substitute the first-order solution of the shear viscosity tensor i,e. σ µν = − 1 2η π µν in all second-order terms, as a result eq. (19) becomes, 
Here τ 2 is transport coefficient known as relaxation-time coefficient which helps in preserving the causality of the Navier-Stokes equation. Then up to the second order in gradients, the general form of shear viscosity tensor is,
Following a similar procedure which is for adopted for determining shear viscosity tensor, the bulk viscosity up to second order becomes,
and the heat-flow vector may be written as,
where τ 2 , τ Π and τ q are relaxation time coefficients that measure the time the system takes to return to the equilibrium state in absence of dissipative quantities. Thus eq. (21), eq. (22) and eq. (23) are respectively the general forms of shear viscosity tensor, bulk viscosity and heat flow vector in the Eckart frame up to second order in gradient expansion. So there are in total nine second order transport coefficients namely τ 2 , ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 , ξ 7 , κ 1 and κ 2 for the shear viscosity.
Togather with τ Π , there are ten second order transport coefficients i,e. ζ 1 , ζ 2 , ζ 3 , ζ 4 , ζ 5 , ζ 6 , ζ 7 , ζ 8 , ζ 9
and ζ 10 corresponding to the bulk viscosity. The transport coefficients corresponding to the heat flow count to total eleven in number which are given by τ q , ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 , ξ 7 , ξ 8 , ξ 9 , ξ 10 , ξ 11 .
III. POSSIBLE APPLICATIONS A. Accretion disks around black holes
Recently the first image of a rotating black hole located at the centre of M87 galaxy has been taken by Event horizon telescope (EHT) [27] . The image showed that the black hole is surrounded by a disk like luminous structure known as the accretion disk containing matter which is typically modelled by a hydrodynamical fluid. An important process that takes place within the disk is the accretion process. In the gravitational influence of the black hole, the disk-matter is attracted towards it and crosses the horizon and ultimately is lost. This inward transport of mass is accompanied by radiation and an outward transfer of angular momentum. One of the governing mechanisms of the accretion process is thought to be the viscosity that arises due to differential rotation of the fluid layers. Under this situation, the non-ideal fluid of the disk may in principle contain other dissipative quantities like heat flux, vorticity in addition to viscosity. If it is assumed that there exists a single species of particle in the fluid, then the our formalism developed in the Eckart frame for the non-ideal relativistic fluid lends its support for understanding the origin of viscosity within an accretion disk.
Our formalism presents several novel aspects. In addition to presenting causal Navier-Stokes equation, heat conduction equation using general forms of dissipative quantities given by eq. (21), eq. (22) and eq. (23), when a complete theory up to second order in gradients are taken into account, each of the dissipative quantities carry contributions of curvature effects through Ricci tensor or ricci scalar of a given black hole spacetime. When applied either for stationary configurations or dynamical cases, our approach illustrates imprints of curvature effects on different properties of accretion disks through general forms of bulk viscosity, shear viscosity and the heat flow. We note here our approach is potentially different from known α− viscosity prescription [28] that has been used to study geometrically thin accretion disks by using MIS theory [29] in a causal set-up. Thus curvature effects directly can have direct impact on an accretion disk. In addition, the non-linear terms of the shear tensor, vorticity may also play their roles which so far has not been considered in the literature.
The simplest stationary configuration around a black hole consists of the thick disk or Polish doughnuts which are modelled by an ideal fluid with negligible viscosity. In [30] , we have incorporated the effects of causality preserving term and curvature effects to study the shape of the accretion disk in Schwarzchild spacetime which marks the first-ever step towards comprehending the role of viscosity and curvature in Polish doughnuts. This work will be reported very soon.
So far the effects of viscosity in the realm of α viscosity formalism has been considered for thin accretion disks, ADAFs [29] , however, our formalism can effectively be applied in different families of accretion disks subjected other forms of interactions like magnetic field, charge in a given black hole background. In the present context, it will be interesting to study the hydrostatic equilibrium condition in presence of viscosity and as first step with bulk viscosity which is responsible for the volume expansion. From eq. (22), as an initial step, it is worthwhile to consider the Ricci scalar terms at the second order which should play a role in providing expansion of the volume of the fluid. Then from eq.(7) and eq. (22), the effective fluid pressure may be given by P (r) = p(r) + Π(r) where Π(r) = ζ 4 R + ζ 5 u α u β R αβ . We note here that due to staticity and spherical symmetry, the first order quantity of the bulk viscosity vanishes i,e. ∇.u = 0. The interplay of the curvature appearing in Einstein tensor and in the energy momentum tensor due to bulk viscosity will help the star to reorganize itself in presence of the effective pressure P . Hence one obtains a modified differential equation of dP/dr and dΦ/dr while the equation of dm/dr remains unchanged. Although these equations are ordinary differential equations but are coupled and are impossible to solve unless one provides information about transport coefficients. In order to compute changes in the radius of the star due to curvature terms of bulk viscosity, the modified TOV equations are required to be solved numerically with initial value as that of ideal fluid to estimate the radius of the star where the pressure vanishes. The modified radius of the star, in which the star settles to, now gives rise to its new hydrostatic equilibrium configuration with small corrections arising due to curvature effects of bulk viscosity. For example, in a realistic neutron star, these effects are present but are quite small, in fact the modifications in the radii are suppressed of the order of GeV 2 /M pl << 1.
On the other hand, it might be useful to expand the radius of the star in Taylor series around its equilibrium value i,e. for ideal fluid and consider terms linear in the radius.
IV. OUTLOOK AND FUTURE POSSIBILITIES
The present work is an initial step towards presenting a causal theory of hydrodynamics of relativistic non-ideal fluids using gradient expansion scheme in the Eckart frame up to second order in compliance with the theory of general relativity. The immediate next step would be to compute the transport coefficients explicitly in this frame. For instance, it has been suggested in [33] that the second order transport coefficients in this frame are related to that of the Landau frame under certain circumstances. This would be a nice to study the frame dependent nature of transport coefficients if any. It would also be worth investigating how many of these second order transport coefficients are really independent, following the formalism developed in [20, 34] . We leave these issues for future work. Further investigation in the field of astrophysics will involve the study of of the properties of thin accretion disk in presence of shear viscosity in a given black hole spacetime so as to study explicit impacts of curvature effects on these accretion disks in the strong gravity regime. This work will be reported shortly.
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